Abstract
Analytic consideration of the Bohr-Oppenheimer (BO) approximation for diatomic molecules is proposed: accurate analytic interpolation for potential curve consistent with its rovibrational spectra is found.
It is shown that in the Bohr-Oppenheimer approximation for four lowest electronic states 1sσ g and 2pσ u , 2pπ u and 3dπ g of H + 2 , the ground state X 2 Σ + of HeH and the two lowest states 1 Σ + g and 3 Σ + u of H 2 , the potential curves can be analytically interpolated in full range of internuclear distances R with not less than 4-5-6 figures. Approximation based on matching the Taylor-type expansion at small R and a combination of the multipole expansion with one-instanton type contribution at large distances R is given by two-point Padé approximant. The position of minimum, when exists, is predicted within 1% or better.
For the molecular ion H states (ν, 0). In general, 1sσ g electronic curve contains 420 rovibrational states, which increases up to 423 when we are beyond BO approximation. For the state 2pσ u the total number of rovibrational states (all with ν = 0) is equal to 3, within or beyond Bohr-Oppenheimer approximation. As for the state 2pπ u within the Bohr-Oppenheimer approximation the total number of the rovibrational bound states is equal to 284. The state 3dπ g is repulsive, no rovibrational state is found.
It is confirmed in Lagrange mesh formalism the statement that the ground state potential curve of the heteronuclear molecule HeH does not support rovibrational states.
Accurate analytical expression for the potential curves of the hydrogen molecule H 2 for the states 1 Σ + g and 3 Σ + u is presented. The ground state 1 Σ + g contains 15 vibrational states (ν, 0), ν = 0 − 14.
In general, this state supports 301 rovibrational states. The potential curve of the state 3 Σ + u has a shallow minimum: it does not support any rovibrational state, it is repulsive. * Electronic address: horop@xanum.uam.mx † Electronic address: turbiner@nucleares.unam.mx
INTRODUCTION
A chance to "integrate out" effectively the electronic degrees of freedom is a remarkable feature of the Bohr-Oppenheimer approximation. The original problem say for simplicity of diatomic molecule is reduced to two-body problem with an effective potential called the (electronic) potential curve V (R) with the Hamiltonian (after the center-of-mass separation)
of the form
which describes nuclear motion, here L is angular momentum, the reduced mass for simplicity is placed equal to one and the momentum P = −i∇ R , = 1. The (electronic) potential curve V (R) depends on the original state of the diatomic molecule and usually is known numerically only. For a long time it was a challenge to find out how to interpolate analytically a potential curve with reasonably high accuracy in full range of internuclear distances. In the present paper we consider three simplest diatomic molecular systems, two are homonuclear H + 2 and H 2 and another one is heteronuclear, HeH, and construct simplest the analytical approximations of the potential curves.
The H + 2 molecular ion is the simplest molecular system which exists in Nature. It plays a fundamental role in different physics sciences: atomic-molecular physics, in laser and plasma physics being also a traditional example of two-center Coulomb system of two heavy Coulomb charges Z and electron, (Z, Z, e) in Quantum Mechanics (see e.g. [1] ). It represents also the simplest diatomic molecule. Due to the fact that the proton is much heavier than electron the problem is usually explored in the static approximation -the Bohr-Oppenheimer approximation of the zero order -where the protons are assumed to be infinitely heavy.
Contemporary theory of low-lying states of H + 2 in the Bohr-Oppenheimer approximation (electronic structure and radiative transitions) is presented at [2] . It is based on highly accurate locally approximation of the lowest eigenfunctions proposed in [3] . However, potential curves of the electronic states remained known numerically.
In turn, (HeH) (and its ions) represents the simplest neutral heteroatomic molecule(s).
It was intensely studied numerically, see e.g. [4] and references therein, where a shallow van der Waals minimum was found. In general, it is as unstable and the ground state potential curve is repulsive.
As for two-electron molecules, the simplest (neutral) one is the hydrogen molecule H 2 , which plays extremely important role in Nature. In particular, its importance relies on the fact that H 2 is presented significantly in planetary atmospheres, in the Earth one, for instance. The ground state 1 Σ + g displays a well-pronounced minimum at finite internuclear distance, while the first excited state 3 Σ + u develops a shallow minimum at most, which does not support rovibrational states being repulsive. Present paper is aimed to construct the simplest possible analytic approximations of potential curves of the low-lying electronic states of H + 2 , (HeH) and H 2 in full range of internuclear distances, which reproduce not less than 4-5-6 figures in numerically-found potential curves. The same time we require that the rovibrational spectra associated with given potential curve is reproduced with not less than 5 figures, thus, being well inside of the domain of applicability of (static) Bohr-Oppenheimer approximation.
Specifically, based on analytical approximations we develop the theory of vibrational and rotational states for four low-lying electronic states for H + 2 , for the ground state potential curve of (HeH) and two lowest ones of H 2 .
Atomic units are used throughout, in particular, for distances, although the energy is given in Rydbergs.
I. GENERALITIES: THE MOLECULAR ION H

+ 2
The Schrödinger equation, which describes the electron in the field of two fixed centers of the charges Z 1 , Z 2 at the distance R, is of the form
where
), E(R) is the total energy, both e ′ , E(R) are in Rydbergs, r 1,2 are the distances from electron to first (second) center, respectively. From physical point of view, we study the motion of electron in the field of two Coulomb wells situated on the distance R.
If Z 1 = Z 2 the wells become identical -any eigenstate is characterized by a definite parity with respect to permutation of wells (centers). Furthermore, at R → ∞, when the barrier gets large and tunneling becomes exponentially-small, the phenomenon of pairing should occur: the spectra of positive parity states is almost degenerate with the spectra of negative parity states, asymptotically both are equal to the energy spectra of hydrogen atom E H .
For each pair the energy gap should be exponentially-small, ∼ e −aR where a is a parameter.
Dissociation energy is given byẼ
We focus on the case of unit charges The Born-Oppenheimer approximation leads to the concept of electronic potential curve, which has the meaning of the total energy of the system H + 2 at fixed internuclear distance R. Thus, the problem to find a potential curve is reduced to finding spectra of electronic Schrödinger equation (2) , where R plays a role of parameter. Since the potential in (2) is a double-well potential with degenerate minima, it is natural to study the energy gap, which is the distance between two lowest eigenstates,
The goal of the Sections II.A-B is to refine the results obtained in [2] .
For small R it was found long ago the expansion with finite radius of convergence [5] [6] [7] [36]
while at large R the corresponding expansion, see [1] , Ch.XI and [8] [9] [10] ,
It looks like the multi-instanton expansion where R plays a role of the classical action.
Seemingly, the series in pre-factor is asymptotic -it has zero radius of convergence in 1/R. Now we take data for potential curves of the 1sσ g and 2pσ u states, see Tables 1,2 Taking several different values N we found that N = 7 is the smallest which provides the quality of fit we would like to have, see below,
or explicitly,
where three constraints
)/(3e) ,
are imposed, which guarantee that the appropriate expansions of (7) reproduce correctly the R 0 , R 1 and R 2 terms in (5) and the two terms in (6) . Eventually, (7) has ten free parameters which are fixed by making fit of numerical data with (7) 
where the seven shown figures are significant. Note that the parameters (9) are much smaller than ones find in [2] . This fit gives, in general, 6-7 figures at the whole range R ∈ [0, 40] a.u., see For the lowest state 1sσ g , the behavior of the potential curve E 1sσg at the two asymptotic limits of small and large distances is well known. For R → 0 the dissociation energy is given 
it can be found in perturbation theory in powers of R. Note the linear in R term is absent.
In turn, for the dissociation energy at R → ∞ the expansion reads [8] [9] [10] 
where the first sum represents the multipole expansion, the second one is a type of oneinstanton contribution etc. Note that in the multipole expansion the term R −5 (next-afterleading) is absent.
As for the lowest state of the negative parity 2pσ u large and small R-distance expansions [Ry]
: E 0 and ∆E between the states 1sσ g -2pσ u and 2pπ u -3dπ g . Calculated energies are marked by dots and the solid curves are the fits (16) (solid line), (7) (dashed line), (37) (dot-dash line) and (28) (dotted line).
are known as well,Ẽ
at R → 0, where the next-after-leading terms, O(1) and O(R), are absent, see [11] . The behavior for R → ∞ is the same as one given by Eq. (11) with sign changed from minus to plus in front of the exponentially-small term ∼ e −R .
Let us consider the sum of potential curves for 1sσ g and 2pσ u states,
Its corresponding expansions are
at R → 0, see [11] , where the linear in R term is absent, and
at R → ∞, where again the term R −5 is absent. The first expansion (14) has a finite radius of convergence, see e.g. [6] , while the second one (15) (the half-sum of two multipole expansions) has zero radius of convergence.
Now we assume that two-instanton contribution, ∼ e −2R at large R (and possible higher exponentially-small contributions), can be neglected and construct the analytic approximation for E 0 which mimics the two asymptotic limits (14), (15) . The most convenient way to do it is to use Padé type approximation (ratio of two polynomials) E 0 (R) =
with a certain N. Concrete fit was made for N = 5, where the Padé approximation is of the
with four constraints imposed,
see below, thus, (16) depends eventually on seven free parameters. Above constraints guarantee that the three coefficients in front of R −1 , R 0 and R 1 of expansion at R → 0, see (14) and the three coefficients in front of R −4 , R −5 and R −6 at R → ∞, in the 1/R-expansion 
c.f. (47) in [2] . It provides not less than 5-6 figures in E 0 for whole studied domain R ∈ [1, 40] a.u., see Table I The potential curve for the ground state 1sσ g can be constructed from (16) and (7) by
This expression reproduces 4-5-6 figures in energy for the whole domain R ∈ [0, 40] a.u., when comparing with the exact values, see Table 1 [2], for illustration see The asymptotic expansions of Eq. (19) are given bỹ
which are in complete agreement with the first three terms at R → 0, and with the first three terms in the 1/R expansion and two terms in 1/R expansion of the pre-factor to e −R for R → ∞ (cf. (10) and (11)). Similarly, the potential curve for the excited state 2pσ u is restored from (16) and (7) by taking
This expression also reproduces 4-5-6 figures when comparing with the exact energy, see Table 2 in [2] and for illustration Fig. 2 . The asymptotic expansions of Eq. (22) are given
which are in complete agreement with the first three terms at R → 0 (cf. (10)), and three terms in 1/R expansion and two terms in 1/R expansion of the pre-factor to e −R for R → ∞ (cf. (11)).
C. Rovibrational states associated with the ground state curve 1sσ g
Inside of the Born-Oppenheimer approximation the knowledge of potential electronic curve for 1sσ g allows us to find the vibrational and rotational as well as rovibrational states by solving the equation
where µ = M p /2 is the reduced mass of the two protons, V (R) is the total electronic energy for 1sσ g , ν and L are the vibrational and rotational quantum numbers, respectively.
In particular, the analytic approximation for the potential curve V (R) = E 1sσg (R) (19) made out the expressions (16) and (7) allows us to calculate the rovibrational energies E νL associated with the bound state 1sσ g for different values of ν and L. It is done by solving the one-dimensional differential equation (25) using the Lagrange-mesh method, see e.g. [12] .
Then the spectra can be compared with a numerical solution of the Schrödinger equation (25) with numerically-found potential V (R). Simple estimate shows that the energy spectra obtained in these two methods should differ in 6th figure (or even beyond). Table II presents some of the studied vibrational states for L = 0 until L = 35 in increasing steps of 5; the proton reduced mass µ = 918.048 is taken. For L = 0, second column displays the results given by Beckel et al. [13] . In general, the agreement when comparing with our results is within 10 −3 . In all cases the first column, second lines show the rovibrational energies calculated by Moss [14] , but where the finite mass effects are taken into account, thus, being beyond BO approximation. It must be noted that these finite mass effects due to finiteness of the proton and electron masses usually change the fifth figure in the energy. It indicates the real accuracy of the Born-Oppenheimer approximation, which is four figures. Hence, it seems physically irrelevant to find potential curves with more than five figures (as it was done in the past, in particular, in [13] ), when we are in static approximation. Note that beyond static approximation the potential curves do not exist(!).
In general, our approximation in the most cases agrees with old results by Beckel et al. [13] for L = 0 within four-five figures -it provides relevant description of spectra of vibrational states H + 2 within applicability of non-relativistic quantum mechanics in the BornOppenheimer approximation. Note our spectra also agrees with results by Moss [14] rovibrational bound states occur neither in BO approximation nor beyond [37] . 
The first excited state 2pσ u
In the same way as for the ground state 1sσ g one can analyze the first excited state 2pσ u using for the analytic potential (22) in framework of the equation (25) . It is well known from the highly-accurate calculations that the 2pσ u potential curve at the large internuclear distance R = 12.545 25 a.u. displays a shallow minimum, E t = −1.000 122 Ry , see e.g. [3] .
Taking the first derivative of our approximate potential curve (22) equal to zero it is found a minimum at R = 12.7034 a.u. with E t = −1.000 114 Ry. Although the position of the minima is determined with relative accuracy ∼ 10 −2 , the depth of the well is found with relative accuracy ∼ 10 −5 . The vibrational and rotational states supported by this shallow minima can be calculated by solving (25) . Table III the proton reduced mass µ = 918.048. No states with ν > 0 are seen even though in [15] is presented a state with ν = 1, this is beyond the accuracy of the Bohr-Oppenheimer approximation. Results by Peek [15] and by Moss [14] are presented for comparison. Evidently even taking the most accurate value of the proton to electron mass ratio µ = 918.076336945 does not change our agreement with [15] . The presented spectra of these states agree with results in [15] within six figures and correspond to weak-bound states with extremely-small binding energy of 10 −5 − 10 −6 a.u. These results for energies are definitely beyond the domain of applicability of the Born-Oppenheimer approximation: finite-mass corrections change the fifth figure, see Table III . Thus, the question about the existence of three rotational bound states associated with 2pσ u potential curve remains open in the Born-Oppenheimer approximation. However, taking into account the finite-mass effects [14] leads to the conclusion that three rotational bound states L = 0, 1, 2 with vibrational quantum number ν = 0 do exist. It is quite surprising that so much shallow well keeps vibrational bound states. 
while at large R the corresponding expansion [10] is
Taking numerical data for potential curves of the 2pπ u and 3dπ g states (see Table 3 
with four constraints imposed. These constraints guarantee that the appropriate expansions of (28) reproduce correctly the R 0 , R 1 and R 2 terms in (26) and the three terms in (27) . After making a fit of the numerical data with (28), the six free parameters are fixed Table IV and Fig. 1 ).
The dissociation energies
The behavior of the potential curve E 2pπu at the two asymptotic limits of small and large distances is well known. For R → 0 the dissociation energy is given by [11] 
while for R → ∞ the expansion reads [8-10]
Considering now the negative parity state 3dπ g , its expansion for small and large R-distance are also well known,
at R → 0, where the term O(R) is absent. The behavior for R → ∞ is the same as one given by Eq. (32) with sign changed from minus to plus in front of the exponentially-small
Let us consider the half-sum of potential curves for 2pπ u and 3dπ g states,
at R → 0, where the linear in R term is absent, and
at R → ∞, where again the term R −5 is absent. The first expansion (35) has a finite radius of convergence, see e.g. [6] , while the second one (36) (the half-sum of two multipole expansions) has zero radius of convergence.
Assuming that two-instanton contribution, ∼ e −R a large R can be neglected, we construct an analytic approximation for E 0 which mimics the two asymptotic limits (35), (36) . The most convenient way to do it is to use Padé type approximations E 0 (R) = 
with four constraints imposed, 
in order to guarantee that the three coefficients in front of R 
It provides not less than 4-6 figures in E 0 for whole studied domain R ∈ [1, 40] a.u. (see Table IV and Fig. 1 ).
The potential curve for the 2pπ u state can be constructed from (37) and (28) by taking
This expression reproduces 4-5-6 figures in energy for the whole domain R ∈ [0, 40] a.u., when comparing with the exact values (see Table 3 
which are in complete agreement with the first three terms at R → 0 and R → ∞ (in the 1/R expansion of the pre-factor to e −R/2 , cf. (31) and (32)).
Similarly, the potential curve for the excited state 3dπ g is restored from (37) and (28) by taking
This expression also reproduces 4-6 figures when comparing with the exact energy, see Table   3 in [2] and for illustration Fig. 2 . The asymptotic expansions of Eq. (43) are given bỹ
which are in complete agreement with the first three terms at R → 0 (cf. (33)), and in both three terms in 1/R expansion and three terms in 1/R expansion of the pre-factor to e −R/2 for R → ∞ (cf. (32)). This potential curve displays no minimum, thus, the state 3dπ g is pure repulsive.
Vibrational states associated with the potential curve 2pπ u
Taking the function (40) as the potential V (R) for the 2pπ u -state, we calculate the rovibrational bound states by solving (25) at different L. In order to solve this one-dimensional differential equation the Lagrange-mesh method is used [12] as for 1sσ g . Table V approximation. Maximum angular momentum L, which still keeps vibrational bound state, is equal to L max = 36.
We are not aware about any calculations beyond of the Bohr-Oppenheimer approximation for the state 2pπ u . It seems likely that some rovibrational states can continue to exist.
III. THE GROUND STATE X 2 Σ + OF THE HeH MOLECULE
The analysis implemented above for the homonuclear molecule H + 2 can also be extended to the case of heteronuclear molecules. As an example, let us consider the simplest neutral diatomic molecule made up of a Helium atom plus a Hydrogen atom, the (HeH) molecule.
The potential curve for the ground state as a function of the internuclear distance E(R) is repulsive with a shallow van der Waals minimum at R = 6.66 a.u. [17] , [4] . The united atom limit R → 0 evidently corresponds to the Li atom while at large internuclear distances the HeH molecule dissociates like HeH→ He +H. The dissociation energy is given bỹ
where E He = −8.71017 a.u. and E H = −0.99946 a.u. [18] .
The dissociation energyẼ for small internuclear distances R → 0 can be expanded as [11] 
where the first them is the repulsive interaction 2Z 1 Z 2 /R while the term ε 0 corresponds to the absolute value of the united atom energy minus sum of the energies of H and He, ε 0 = |E Li − (E He + E H )| = 8.14972 Ry. As was pointed out long ago by Buckingham [19] the linear term ∼ R in (47) should be absent. At large internuclear distances R → ∞ the dissociation energy is expanded as [20] 
where the (rounded) coefficients C i are C 6 = 5.64268, C 8 = 83.6728 and C 10 = 1743.080, all in a.u. For our purposes it has to be paid attention that the next-after-leading term ∼ 1/R 7 is absent. Now, in order to construct an analytic approximation of the potential curve which mimics the two asymptotic limits (47) and (48) 
, (49) with four constraints
which guarantees that the coefficients in front of R 
Expression (49) provides 6-9 figures in the total energy as can be seen in Table VI .
Taking the derivative of (49) the minimum of the potential curve is predicted as E 
respectively, which reproduce the first three term of R −1 , R 0 and R for R → 0 (see (47)) and the first three terms R −6 , R −7 and R −8 for R → ∞ (see (48)). The traditional molecular system (HeH) has been studied numerically for a long time, see
Murrell et al. Recently, a certain fit of the potential curve was proposed by Warnicke et al. [18] . When comparing our fit (49) with the fit V T T 2 [18] , the relative difference goes from ∼ 1% for large R up to ∼ 30% for small distances, R ∼ 1. a.u. while being reasonably small at intermediate
R.
The main deficiency of the V T T 2 potential is the wrong description of the asymptotic behavior for both R → 0 and R → ∞, as one can see that by expanding V T T 2 at small and large distances.
The analytic expression for the potential curve of the ground state X 2 Σ + together with (25) allows us to calculate possible rovibrational states supported by the shallow minimum. Using the Lagrange-mesh method to solve (25) we claim that the ground state does not keep any rovibrational state(!) confirming what was already mentioned in numerical studies, see [4] .
IV. THE HYDROGEN MOLECULE H 2
The next system to consider is the homonuclear hydrogen molecule H 2 . It is well known that the potential curve of the ground state 1 Σ + g has well-pronounced, profound minimum at R = 1.4011 a.u. [21] , while the first excited state 3 Σ + u exhibits a shallow minimum at R = 7.85 a.u. [22] being repulsive. In the limit of small internuclear distances R → 0 this molecule is converted to the helium atom (the so-called united atom limit) [38] . At large internuclear distances R → ∞ the molecule dissociates into two hydrogen atoms, H 2 → H+H (it is the main dissociation channel).
A. Energy gap (exchange energy)
It can be easily seen that the energy gap between the states 3 Σ
at small internuclear distances behaves as [25] [26] [27] [28] . We made a choice of the behavior derived in [25] and confirmed at [1] , Ch.XI, p.315,
where a = 2, b = 5/2 and ǫ 0 = 3.28 Ry, and, in general, {ǫ i } are parameters to be specified [40] . Numerically, ∆E is calculated by using data of the potential curves found in [21, 29] .
In order to interpolate between the two asymptotic regimes (55) and (56), we introduced a new variable
and construct the (modified) Padé-type approximation
where P N +5 (r), Q N (r) are polynomials of degrees (N + 5), N, respectively. To be concrete we choose N = 11,
which provides eventually the accuracy we are looking for; here the parameter
is chosen in such a way to ensure the correct two terms in the expansion at R → 0 (55). 
This fit gives, in general, 5-4-3 figures at the whole range R ∈ [0, 20] a.u., see Table VII and Figure 7 , in such a way that the number of correct figures reduces with increase of R. This result is especially impressive for R ≃ 15 a.u. where the energy gap is already exponentially-small.
B. The dissociation energies
For asymptotically large internuclear distances the molecule H 2 at the state
dissociates into two hydrogen atoms in its ground state of energy E H = −1 Ry. The dissociation energy is defined asẼ
It is the well known that for R → 0, the dissociation energy expansion for the ground state (63) and (54), respectively. Calculated energies are marked by dots, the solid curves are fits (67) (solid line) and (57) (dashed line).
are multipole coefficients [20] . On the other hand, the expansion for small internuclear distances of the excited state 3 Σ + u is given by [30] 
For large internuclear distances, the expansion is the same as for the ground state (61) with different sign in front of the exponential-small term: instead of the minus sign, it should be plus [1] . Now, the half-sum of the potential curves for dissociation energy of these two states is
Its asymptotic expansions are obtained from the previous expressions (62), (60),
while for R → ∞
The interpolation between the two asymptotic behaviors (64) and (65) is performed using two-point Padé-type approximation P ade[N/N + 5](R)/R. In concrete consideration we choose N = 7. The analytic expression for E 0 reads
with four constraints imposed
which guarantee the exact reproduction of the first two terms in both expansions (64), (65).
E 0 is calculated using the numerical results for the potential curves from [21, 29] . After fitting with minimal χ 2 the 13 free parameters for E 0 (67) are found: 
This fit gives, in general, 5-4-3 figures at the whole range R ∈ [0, 20] a.u., see Table VII and Figure 7 . Number of correct figures is reduced with increase of R.
C. Asymptotics from fits
The potential curve for dissociation energy for the ground state 1 Σ + g can be recovered by takingẼ
where E 0 and ∆E are given by the expressions (67) and (57), respectively. At small internuclear distances (R → 0), the dissociation energyẼ1 Σ + g takes the form which reproduces the coefficients in front of the terms R −1 , R 0 and R in the expansion (60).
For R → ∞ the expansion is
in functional agreement with the expression (61). On the other hand, taking
we recover the potential curve for the excited state 3 Σ + u . For R → 0 this expression behaves likeẼ
reproducing the first three coefficients of (62). At large internuclear distances the behavior is the same as that of the ground state (72) except for the opposite sign in front of the exponential-small term.
Expressions (70) and (73) are an analytic representation of the potential curves for dissociation energy for the states 1 Σ + g and 3 Σ + u of the hydrogen molecule H 2 , respectively. Taking the derivative of the expression (70) and putting it to zero predicts a position of minimum for the ground state potential curve E t = −2.348942 Ry at R = 1.4012 a.u. while the accurate result is E t = −2.3489518628 Ry (rounded) at R = 1.4011 a.u., see [21] . As for the excited state 3 Σ + u , the predicted minimum is E t = −2.0000409 Ry at R = 7.8237 a.u. while the accurate result is E t = −2.0000392 Ry (rounded) at R = 7.85 a.u. [22] . It indicates to very high accuracy of the fitted curves near minima: one portion in 10 −5 − 10 −6 in energy and 4 -3 s.d. in equilibrium distances.
D. Rotational and vibrational states
The analytic expression for the ground state potential curve [31] , where the adiabatic and some relativistic effects are also taken into account.
In total, the 1 Σ + g potential curve supports 301 rovibrational bound states ranging from L = 0 to L = 31 and from ν = 14 to ν = 0, respectively, which are depicted in Figure 9 in agreement with the results of [29] . Finally, taking the analytic expression for potential curve for the excited state 3 Σ + u (73), we confirm the non-existence of any vibrational or rotational bound state associated with this state in agreement with [32] . All that indicates the high quality of approximation of the potential curves for 1 Σ + g and 3 Σ + u which do not lead to any extra rovibrational bound state and do not miss any known rovibrational bound state. This feature is definitely absent in all previous attempts (known to the present authors) to build approximations of potential curves.
Conclusions
Using accurate analytic approximations of the potential curves for 1sσ g and 2pσ u , 2pπ u and 3dπ g states of H + 2 for the whole domain in interproton distance R we study vibrational, rotational and rovibrational states. It is shown that the ground state 1sσ g can keep 420 rovibrational states within Bohr-Oppenheimer approximation which accuracy is limited to 3-4-5 figures. Going beyond the Bohr-Oppenheimer approximation to the full geometry, where finite mass effects are taken into account, the number of these states increases surprisingly little, to 423, see [14] . As for vibrational states this number goes from ν = 19 to ν = 20. At the same time as for the state 2pσ u the total number of rovibrational states (all with ν = 0) is equal to 3 within or beyond Bohr-Oppenheimer approximation. For the state 2pπ u within the Bohr-Oppenheimer approximation the number of vibrational states is equal to 12 while the total number of the rovibrational bound states is equal to 284. The potential curve for the state 3dπ g displays no minimum, thus, the state 3dπ g is pure repulsive.
The same procedure was applied to the ground state X 2 Σ + of the heteronuclear system HeH. The approximation of the potential curve gives better description of the electronic energy than any previous approximation constructed so far. The shallow minimum at R ≈ 6.6 a.u., presented by the potential curve does not support rovibrational states.
Can developed procedure of interpolation work for other heteronuclear systems as well as homonuclear systems will be studied elsewhere.
Interestingly when the method is applied to the hydrogen molecule, a system with two electrons, the analytic expressions for the potential curves of the states and He 3+ 2 [33] [34] [35] . Even more, it is very interesting to try to approximate the potential surface for triatomic molecules. It will be done elsewhere. The results of the fits are such that all corresponding poles of the Padé approximant are complex conjugate or negative.
